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Asymptotic normalization coefficients (ANCs) are fundamental nuclear constants playing impor- 
tant role in nuclear reactions, nuclear structure and nuclear astrophysics. In this paper the physical 
reasons of the Coulomb renormalization of the ANC are addressed. Using Pinkston-Satchler equation 
the ratio for the proton and neutron ANCs of mirror nuclei is obtained in terms of the Wronskians 
from the radial overlap functions and regular solutions of the two-body Schrodinger equation with 
the short-range interaction excluded. This ratio allows one to use microscopic overlap functions for 
mirror nuclei in the internal region, where they are the most accurate, to correctly predict the ratio 
of the ANCs for mirror nuclei, which determine the amplitudes of the tails of the overlap functions. 
Calculations presented for different nuclei demonstrate the Coulomb renormalization effects and 
independence of the ratio of the nucleon ANCs for mirror nuclei on the channel radius. This ratio 
is valid both for bound states and resonances. One of the goals of this paper is to draw attention 
on the possibility to use the Coulomb renormalized ANCs rather than the standard ones especially 
when the standard ANCs are too large. 

PACS numbers: 21.10.Jx, 21.60.De, 03.65.Nk, 11.55.-m 



I. INTRODUCTION 

The asymptotic normalization coefficient (ANC) is a fundamental nuclear characteristics of bound states 0, HJ and 
resonances (the partial resonance width is also expressed in terms of the ANC) [!, H| playing an important role in 
nuclear reaction and structure physics. The ANSs determine the normalization of the peripheral part of transfer 
reaction amplitudes [l|, Q and overall normalization of the peripheral radiative capture processes In the R- 

matrix approach the ANC determines the normalization of the external nonresonant radiative capture amplitude and 
the channel radiative reduced width amplitude 0, H, [l(| • 

The ANC enters the theory in two ways \M . In the scattering theory the residue at the poles of the elastic scattering 
S matrix corresponding to bound states [TT|, [T3] or resonances [H can be expressed in terms of the ANC: 

oJb ^Ka. Mb jb m 

S Ib]b;Ib]b > I UP 

K ^aA 

with the residue 

A Ibj B - 1 e V^aAl B jB Jb) ' W 

where C^ A [g - B Jg is the ANC for the virtual or real decay B — > a + A in the channel with the relative orbital angular 
momentum Ib of a and A, the total angular momentum js of a and total angular momentum Jb of the system 
a + A. If B = (a A) is a bound state, 

p _ bs _ Z a Z A e 2 VaA ,„s 
VaA = VaA ~ B \ 6 > 

K aA 

is the Coulomb parameter for the bound state B = (a A), k p aA = i k^ a , k^a = \J ^ MaA is the bound-state wave 

number, e^ A — m a + ttia — iris is the binding energy for the virtual decay B — > a + A, Zie and mi is the charge and 
mass of particle z, and /i a A is the reduced mass of a and A. Throughout the paper I use the system of units in which 
h = c = 1. Note that the singling out the factor e znv <-^ in the residue makes the ANC for bound states real (see Sect. 

MM- 

If B is a resonance, that is the decay B — >• a + A is real, then 

p ■ R R Z a ZaG 2 H-aA ,.n 

V aA = l VaAi VaA = 7 (4) 

KaA (R) 

is the Coulomb parameter for the resonance state with complex relative momentum k v aA — fc a ^(m, ^ a A(fi) = 
•J2 jJLaA E aA (fl), E a A{R) is the resonance energy in the system a + A of the resonance state B = (aA). Eqs (TTJ) 
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and ([2]) being universal valid for both bound state poles and resonances [H provide the most general and model- 
independent definition of the ANC. 

In the case of the Breit-Wigner resonance (Imfc _A(i?) << RekaA(R) — ^aA(R)) tne res idue of the elastic scattering 
S'-matrix element in terms of the resonance width is 

A lB] B -~ le TO a IbJb J b t \P) 

ft aA (R) 

where 8f g j B j B (k^ A ) is the potential (non-resonance) scattering phase shift at the real resonance relative momentum 
k° A ^ . Meantime Eq. ([2]) in the Breit-Wigner resonance case takes the form 

A Ib]b~ 1 e a ( u aAl B j B J B ) > W 

where r{^ A = Z a Z A e 2 fJ- a A/k® A , R y Then the ANC and the partial width of the resonance are related by 

K AlB3BjB f = (~l) l ° e^l e "T-iB.B«A«)) (7) 

In the case of the subthreshold resonance (the resonance which is a bound state in the entry channel and a resonance 
in the exit channel) the connection between the ANC and the partial width, calculated at the relative momentum of 
particles a and A k aA , is given by Q 



W 2 _ <%lB+1/2 i2^ A R aA ) R 2 

^aA l B 3b Jb (kaA) = P\ B (k a A RaA) — 5 (C ' aA i B j g j B ) , (8) 



where Pj B (k aA RaA) is the barrier penetrability, W_ rj bs ig+i^P^-Rai) is the Whittaker function for the bound 
state B = (aA) and R a A is the channel radius. Correspondingly, the reduced width is determined by 



_ na.« fl+ i/ 2 ( 2 "^) (cB ? m 

1 aA l B 3 b J B 9,, n V^aAl B 3b Jb) ' W 

^l^aA^aA 



Note that in the i?-matrix method the peripheral part of the radiative capture amplitude is expressed in terms of 
the reduced width rather than the ANC. However, the reduced width is model dependent, because it depends on the 
channel radius R a A, while the ANC is not. 

From other side, in the Schrodinger formalism of the wave functions the ANC is defined as the amplitude of the 
tail of the overlap function of the bound state wave functions of B, A and a. The overlap function is given by 

IaA( v aA) = < 1pc \ Vb(U, £a! *aA) > 

< J A M A jBm jB \J B M B >< J a M a l B mi B \j B m jB > Yl BmiB (jaA) J aA Ib j b J B ( r aA)- (10) 

lBmi B j B m jg 

Here 

i>c= Y < JaM a j B m JB \J B M B >< J a M a l B m lB \j B m JB > A aA {cp A (£ A ) <p a (£a) Y 1b mig (r aA )} (11) 

nij B mi B MAM a 

is the two-body a + A channel wave function in the jj coupling scheme, < j\ m\ ji 771 2 \j m > is the Clebsch-Gordan 
coefficient, A a A is the antisymmetrization operator between the nucleons of nuclei a and A; <Pi(£i) represents the 
fully antisymmetrized bound state wave function of nucleus i with f 4 being a set of the internal coordinates including 
spin-isospin variables, Ji and Mi are spin and spin projection of nucleus i. Also r a A is the radius vector connecting 
the centers of mass of nuclei a and A, r aA = Y aA /r aAl Yi B m, B (?Aa) is the spherical harmonics, and i B j B j B ( r Aa) 
is the radial overlap function. The summation over l B and j B is carried out over the values allowed by the angular 
momentum and parity conservation in the virtual process B — > A + a. 
The radial overlap function is given by 

IaA Ib3b Jb ( r °A ) = < A a A {(PA(£,A) ¥>a(£,a) Yl B m lg (?aA)}\ <^b(£a, £a', V aA ) > 
1 

' A\ 5 

<<PA(€A)<Pa(€a)Yl BmiB (T a A)\<pB(€A,€a;r aA )>. (12) 

a J B 
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Eq. (|12[) follows from a trivial observation that, because ipg is fully antisymmetrized, the antisymmetrization operator 

A a A can be replaced by the factor ( ^ . In what follows, in contrast to Blokhintsev et al (1977), we absorb this 

factor into the radial overlap function. 

The tail of the radial overlap function (r aA > R a A) m the case of the normal asymptotic behavior is given by 



2 aA l B jB J B VaA) > ^clAIbJbJb ~ fL "aAl B j B J B 



TaA TaA 

(13) 



Correspondingly, for the resonance case 



rB I x r aA >R aA ^ B W -",* A , l B + l/2{-2ik a A(R,)raA) 

1 aAl B j B J B \ r aA) > <^ a Al B ] B .J B " 

" aA 

_^ p -ik aA (H) r aA - ir\a A ln(— 2 > k aA (J7) r aA ) 

CLlninJn ~ ■ ( 14 ) 

T aA 

For the first time, the proof of the fundamental connection between the residue A J lB j B in the bound state pole of 
the elastic scattering S matrix and the amplitude C^ A 1b - b Jb of the tail of the overlap function has been presented 
in [ll[ and later on in fl3l -[T5| [55| . The proof of this relationship for non-sperical potentials was given in [T|| and for 
charged particles in [12| ■ Finally, generalization of this relationship for general case of bound state and resonances for 
charged particles was presented in 

The first comprehensive review about the overlap functions and ANC was given in Ref. [l[, in which the theory of 
the ANC and its role in the nuclear reaction theory was presented. In another review paper the role of the ANC 
in the theory of nuclear reactions with charged particles was addressed. The role of the ANC in nuclear astrophysics 
was, for the first time, discussed in where it was underscored that the ANC determines the overall normalization 

of the peripheral radiative capture reactions. These two works pawed the way for using the ANC method as indirect 
method in nuclear astrophysics (see also [I3|)- The ANC can be determined from peripheral transfer reactions and can 
be used to calculate peripheral radiative capture reactions. It constitute a powerful indirect ANC method in nuclear 
astrophysics. The ANC method was extensively used in the analysis of many important astrophysical reactions (see, 
for example, [gj-TTot [l8l - |23l ] and references therein) . The role of the ANC in nuclear astrophysics has been once again 
underscored in the review (24|. 

Recently it was shown that in exact approach the only model-independent quantity, which can be determined from 
the analysis of nuclear reactions, is the ANC rather than the spectroscopic factor [25[. Moreover, in (2(| a new 
formalism of the deuteron stripping based on the surface integral formalism and generalized i?-matrix approach has 
been developed. It makes the role of the ANC in nuclear reaction theory even more important than it was thought 
before. In this formalism the amplitude of the deuteron stripping reactions populating bound states and resonances 
is paremeterized in terms of the ANC rather than the spectroscopic factors. 

In [27j the charge symmetry of strong interactions was used to relate the proton and neutron ANCs of the one- 
nucleon overlap integrals for light mirror nuclei. Equation (7) from [27j . determining the ratio of the proton and 
neutron ANCs of mirror nuclei, allows us to find one of the ANCs if another one is known. This relation extends to 
the case of real proton decay where the mirror analog is a virtual neutron decay of a loosely bound state. In this case, 
a link is obtained between the proton width and the squared ANC of the mirror neutron state. The relation between 
mirror overlaps was used to study astrophysi cally relevant proton capture reactions based on information obtained 
from transfer reactions with stable beams [28|, [29| . 

In a nice work [30j the impact of the particle continuum on the proton and neutron ANCs for mirror p- and d-shell 
nuclei within the framework of the real-energy and complex- energy continuum shell-model approaches. The authors 
consider the basic properties of the single-particle ANCs for charged and neutral particles as functions of the Coulomb 
parameter, binding energy and the orbital angular momentum. The authors investigate the validity of the ratio of the 
proton and neutron mirror ANCs given by Eq. (7) from [13] ■ The main finding of [3(3] is that the key factor affecting 
the ratio of the mirror ANCs is the distribution of the spectroscopic strength. 

In Ref. |3l| the model independence of the ratio of the proton and neutron ANCs for mirror nuclei was tested 
within a phenomenological model, where the valence nucleon moves in a deformed mean field of the core which is 
allowed to excite. 

The calculations show that the ratio of the proton and neutron ANCs (see Table II from [13] ) increases dramatically 
with decrease of the proton binding energy and the charge of the core. This is the result of the impact of the Coulomb 
barrier, which blocks the proton bound state wave function in the nuclear interior significantly decreasing its tail. 
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Because the wave function is still normalized to unity, the drop of the radial tail is compensated by corresponding 
increase of the amplitude of the tail. For loosely bound states and high charges the conventionally determined 
ANC becomes enormously huge making problems in computations. For example the square of the proton ANC 
21 Na(l/2+, 2.425MeV) ->• 20 Ne + p is 6.14 x 10 33 fin" 1 |oj]. The square of the ANC for 17 0(6.356 MeV, 1/2+) -> 
13 C + a is ~ 10 168 fm _1 [32j. In this paper I will give a physical insight into factors determining the Coulomb 
renormalization of the ANC, making easier comparison of the ANCs of mirror nuclei. The analysis of the Coulomb 
renormalization of the ANC is done using two approaches: the model-independent analytic structure of the scattering 
amplitude and the Pinkston-Satchler equation |33l. l34j . All the factors, which affect the ANC owing to the Coulomb 
interaction, are analyzed. As a result of this research I suggest to use in the future analysis of the data the renormalized 
proton ANC, in which the main Coulomb renormalization factor is excluded. It is especially useful in cases of high 
nuclei charges and low binding energies. I provide also a new expression for the ratio of the mirror ANCs based on the 
transformation of the expression for the overlap function obtained from the Pinkston-Satchler equation in terms of the 
Wronskian. This expression is especially useful when microscopic overlap functions are available. These microscopic 
overlap functions are usually accurate in the nuclear interior what is enough to determine the ratio of the ANCs of 
the mirror nuclei expressed in terms of the Wronskian. Then if one of the ANCs is known experimentally the second 
one can be determined. 



II. COULOMB RENORMALIZATION OF THE ANC FROM ANALYTIC STRUCTURE OF THE 

SCATTERING AMPLITUDE 

First, I address the Coulomb renormalization of the ANC from analytic structure of the scattering amplitude 0. 
Let us consider the scattering of two charged spinless particles a and A (we disregard the spins because they don't 
affect the Coulomb renormalization). The analytic properties of the on-the-energy-shell Coulomb- nuclear partial wave 
scattering amplitude was investigated in |35l - [39{ . The elastic scattering S-matrix element is given by 

Si B (k aA ) = 1 + 2ipi B (k aA ) Fi B (k aA ), (15) 

where pi B {k a A) = ^ B+1 - The partial elastic scattering S'-matrix element can be written as 

Si B (k aA ) = e 2iS 's = Sg(k aA ) + Sg(k aA )(Sg N (k aA ) - 1), (16) 



s? B <M = fe^j (17) 

T(l B + 1 - ir\ aA ) 

is the Coulomb elastic scattering S'-matrix element and 

Sg N (k aA ) = e 2iS ™ (18) 

is the Coulomb- modified nuclear elastic scattering S-matrix element, rj aA = Z\ Z 2 e 2 p a A/k aA is the Coulomb parame- 
ter of particles a and A in continuum, Si B is the total scattering phase shift in the partial wave lg, and 8f B N = S[ B —Sf is 
the Coulomb-modified nuclear scattering phase shift. Coulomb-modified elastic scattering S-matrix element Sf g N (k aA ) 
we rewrite as 

Sg N (k aA ) =e 2iS >* =l + 2ip lB {k aA )Fg N {k aA ). (19) 

The Coulomb- modified nuclear partial wave scattering amplitude Ff^ N (k aA ) is not analytical function in the k aA 
plane [Hj]. Following we can present 

F '- A ' ( ^ ,= iC(bp r '"" ( ^ ) - (20) 

T(l B + 1 + ir/aA) 

is the normalized (hf B (k aA ) fcaA ^°°> 1) Coulomb Jost function. At real k aA > this definition coincides with a 
conventional definition of the Coulomb Jost function. Owing to the presence of the factor sign [Re k aA ] , Ff :N (k aA ) 



Here 
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has singularity along the imaginary axis in the k aA -p\a.ne, which splits F^ N (k aA ) into two parts corresponding to 
Refc Q ^4 > and Rek aA < 0. 

However the singled out renormalized Coulomb-modified nuclear partial wave scattering amplitude Tp \k aA ) has 
the same analytical properties on the first (physical) sheet of the Reeman surface (Im k > 0) as the pure nuclear 
partial wave scattering amplitude: right-hand unitarity cut (0 < k aA < oo) and left-hand (E aA < 0) dynamical cut 
0. Tf B N {k aA ), similar to the pure nuclear scattering amplitude, has a pole at kaA — i ^aA 



Tt B N {k aA ) - Mb 5 , (22) 

KaA I K aA 

where the residue in the pole 

Mb = -i 2lB+1 (CaAl B ) 2 - (23) 

Correspondingly, the residue of Ff N {k a A) is 

Here C^ Alg is the renormalized ANC, which is connected, according to Eq. (f2~Tj) . to the standard ANC [||: 

_ r(/ B + 1 + r) b a s A ) ~ B 

aA Ib n ^aAl B - l Z0 > 

As we can see, the standard ANC contains the Coulomb barrier factor £Ii^li^!kdl p Correspondingly, 

(^ fl ) 2 =M<^ fl ) 2 - (26) 
where the renormalization factor in Eq. (|26[) is 

T(l B + ! + »&)- 



(27) 



which is derived only from consideration of the analytic properties of the elastic scattering amplitude. This factor is 
the main Coulomb renormalization factor (CRF) of the conventional ANC due to the Coulomb barrier. It increases 
with increasing of charges and decreasing of the binding energy and can be quite huge. 
Now can rewrite the reduced width as (recovering the spins) 

n^.« B+ i/ 2 ( 2 ^^) {C s ? (28) 

IuAIbObJb- 2[l aA R aA y^aAlBjBJB) > 

where 

Wl^ A , lB + 1/2 (^ A R aA ) = T{1 + 1 + ^ W\ l%lB + l/ ,{2K B aA R aA ). (29) 

The reduced width is given by the product of two factors. When the charge of nucleus increases and binding energy 
£q A decreases, the Coulomb barrier also increases decreasing significantly the tail of the Whittaker function. However, 
owing the conservation of the normalization of the bound state wave function of nucleus B, the amplitude of the tail of 
the overlap function (its ANC) also significantly increases. Renormalization of the ANC and the Whittaker function, 
as it is done in Eq. (|29p , decreases the ANC and increases the tail of the Whittaker function. This renormalization 
doesn't change the reduced width but allows one to operate with smaller ANCs then the standard ones and I draw 
attention of the experimentalists on the possibility to use the Coulomb renormalized ANCs rather than the standard 
ones when the latter become too big. 

I demonstrate the renormalization of the ANC in Table |TJ 
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TABLE I: The squared proton ANCs (Cp AlB j B j B ) 2 and Coulomb renormalized ANCs {CpAi B j B .i B ) 2 °f l ne overlap functions 
IpAi B j B j B \ {IbJbJb) are the quantum numbers of the removed proton and the total spin of nucleus B\ ef A is the binding 
energy for the virtual decay B — > p + A. The ANCs are taken from [40l |. 



B 


A 


l B j B Jb £pA (MeV) 






Na 


Ne(0.0 MeV) 


Si/2 1/2 0.0071 


6.5 x 10 


2.66 


57 Cu 


56 Ni(0.0MeV) 


P3/2 3/2 0.7 


1.77 x 10 8 


135 


132 Sn 


131 In(0.0MeV) 


ff 9 /2 15.71 


9.03 x 10 8 


1.22 x 10 6 



III. ANC FROM PINKSTON-SATCHLER EQUATION 

A. Coulomb renormalization of ANC from source term expression 

Here we obtain the main CRF of the ANC using the equation for the ANC containing the source term [(| |4l[ . To 
make it more clear, first we consider the derivation of this expression following [(||4l[ from Pinkston-Satchler equation 
[33L |34| . Note that the overlap function is not an eigenfunction of any Hermitian Hamiltonian. To derive equation 
for the overlap function containing the source term we start from the Schrodinger equation for the bound state of the 
parent nucleus A: 

(E B -T A -f a - f aA -V a -V A - V aA )<p B {U, ?a; r aA ) = 0.. (30) 

Here, Ti is the internal motion kinetic energy operator of nucleus i, T aA is the kinetic energy operator of the relative 
motion of nuclei a and A, Vi is the internal potential of nucleus i and V aA is the interaction potential between a and 
A, Eb is the total binding energy of nucleus B. 

Multiplying the Schrodinger equation ([30| from the left by 

A\ 1/2 

^ < JaM a j B m jB \J B MB >< J a M a l B mi B \j B m jB >Y lBmis (r aA )ip A (^ A )ip a (^ a ) (31) 
and taking into account Eq. (|12[) we get the equation for the radial overlap function with the source term [4l| 

£ aA ^ T TaA - V lB entr - U° A J I® A i B j B j B {r a A} = Q l B j B JaJ aJb i r aA)- (32) 

Here, T TaA is the radial relative kinetic energy operator of the particles a and A, V lB entr is the centrifugal barrier for 
the relative motion of a and A with the orbital momentum l B ; Qi B j B j a j A j B (r aA ) is the source term 

Qi B ] B J a J A J B ( r aA) = ^ < JaM a j B m jB \J B M B X J a M a l B mi B \i B m 3B > 

m jB m, B M A M a 

( a\ 1/2 r 

X i^ a j J dn raA <Va{ta)VA(U)\VaA~UC A \YC BmiB {r aA )^ B (^U^aA) >• (33) 

The integration in the matrix element < (p a (£ a ) <p A (£ A )\V aA - U^Y^^ (r aA )(p B (£ a , £ A ; r aA ) > in Eq. ([33]) is 
carried out over all the internal coordinates of nuclei a and A. Note that we replaced the antisymmetrization operator 
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A ay i in Eq. (1311) by because the operator Eb — Ta — T a — T a ^ — V a — Va — V a A in Eq. (1301) is symmetric 

over interchange of nucleons of a and A, while tps is antisymmetric. For charged particles it is convenient to single 
out the channel Coulomb interaction U^ A (r aA ) between the center of mass of nuclei a and A. 
Eq. (|33|) can be rewritten in the integral form: 

oo 

I aAi B0B j B { r aA)= / dr' aA r' aA Gf B (r aA , r' aA ; -e B A ) Qi B 3 B Ja j A j B (r' aA ) . (34) 

•aA J 


The partial Coulomb two-body Green function is given by [42j 

C c (r,r' ■ e B )- 2 a , ^ ( ' ^ ^ <} ^ ^ >} f35l 

<j; b VaA, r aAl — e aA ) — Z,fl a A , \O0) 

IB 

where r a A< — min{r aA ,r' aA } and r aA> = max{r aA ,r' aA }. The Coulomb regular solution ipf B (i K B A r aA ) of the 
partial Schrodinger equation at imaginary momentum i k b a is 



<P? B (i <A raA) =-^-b- L ln^ <A) <A, TaA) ~ L% +) (i <a) K aA T aA ) 



iA L 

r iB+l e - /& r aA iFi + 1 + ^ 2 Z B + 2; 2 k b a r aA ) 



= e-*"**L%+\iKZ0 g^y^d) , (36 ) 

lK aA 

where 

e*^ (i k b a , r aA ) = e-"-/2 £||+jLL!^) (2i^r oA ) iB+1 e"«-^ ^(Z* + 1 + 2 / B + 2; 2 «f A r aA ). 

(37) 

Also 

fS^ii^roA) = e-^^W TvbAjB+1/2 (±2K B A r aA ) (38) 
are the Jost solutions (singular at the origin r aA = 0), 



L? (±) ^n B A ) = e -i-^/2 e± i^ B /2 r(2l B + 2) (39) 



are the Jost functions. 

The asymptotic behavior of the overlap function is correct because it is governed by the Green function: 

jB ( v 9 ^f A ,t fl + l/2( 2 ««A^) e— "^/ 2 / / C (: B ' \ f~) ( I \ 

a A i B j B j b \ &A) ~ -2 VaA ^7+7; — — / dr aA r aA ip lB (i K aA r aA ) Qi B jB Ja Ja Jb {r aA ) . 

TaA L l B ( iK aA) { 

(40) 

Taking into account Eq. (fT5)) we get the ANC expressed in terms of the source Qi B j B j a j A j B (r a A) [6l [4ljj : 

oo 

C aA i B is J B =- 2 VaA e~ l * v "" a/2 c( , — — / dr aA r aA <Pi B (i k b a r aA ) Qi B j B j a j a j b (ua)- (41) 

L l B ( lK a A ){ 

Owe to the presence of the short-range potential operator V a A ~ U^ A (potential V aA is the sum of the nuclear V^ A 
and the Coulomb V£ A potentials and subtraction of U^ A removes the long-range Coulomb term from V aA ) the source 
term is also a short-range function and we approximate Eq. (|41l) by 

RaA 

CaA i B jb J B ~ ~ 2 M e~* * "^ /2 . / dr aA r aA tpg(i K B A r aA ) Qi BjB j a j A j B (r aA ), (42) 

L i B ( ! <a) i 



8 



where R a A is the channel radius. This equation provides the ANC, which, as it will be shown below, depends on R a A 
and may not be accurate enough because we cut the integration over r a A at the channel radius R a A- However, here 
we are interested in the ratio of the mirror proton and neutron ANCs and, as it will be demonstrated below, this ratio 
is practically insensitive to the value of the channel radius. 

[Lf B + ^ (i k^a)] 1 contains the same barrier T(l B + 1 + T)^ A ), see Eq. (f5§|) . which has been found in Section [TTI based 
on the general principle of analiticity of the elastic scattering amplitude. Hence, following Eq. (j2"5j) . we introduce the 
renormalized ANC 

RaA 

_ o .. . CO „S \l B T ( l B + 1) f , .„ . ,H !■ B 



C aA l B j B J B ~ ~ 2 MaA (2 K aA ) ° f^J^+Y) ' UA Vla ^ KaA ^ ^ 1 B 3 B JaJ A J B i r aA)- (43) 





The conventional ANC is related to the renormalized one as 



r B _ r(/ B + 1 + r} b a s A ) ~ B 

^aA l B j B Jb ~ /I ^aA l B 3b Jb ' V**) 



B. ANC in terms of Wronskian 



The advantage of Eq. (|42l) is that to calculate the ANC one needs to know the overlap function only in the nuclear 
interior where the ab initio methods like no-core-shell- model fI5-!"l5j , variational Green function Monte Carlo method 
[46T - I48T ] and coupled-cluster method [5j| are more accurate than in the external region. Now we transform the radial 
integral in Eq. (l4"2l into the Wronskian at r a A = R a A- The philosophy of this transformation is the same as in the 
surface integral formalism [50l - l52T ] only applied here for bound states. 

First we rewrite 

V aA U C aA = V + V lB entr -V a -V A - Vf B entr - U c aA (45) 

and take into account equations 

{SB -f a -f A - f raA ) V f B (t K B aA T aA ) MHa) <Pa{U) = (^ + Vf** + V a + V A ) <p& (i K* A T aA ) Va&a) MU) 

(46) 

and 

{-£b -f a -f A - f TaA ) < Y lsmiB {Y aA )WB > = (V aA + Va + V A + V^ ntr ) < Y lBTniB [r aA )\ip B >, (47) 
where T TaA is the radial kinetic energy operator. Then we get 

RaA 

C^Ai B3B j B ^-2^aAe-^^/ 2 1 - - / dr aA r a A<p? B (iK* A r aA )Q lBjB j a j A j B (r aA ) = - 2 e^"-/ 2 



1 jO RaA 

x ^ c(+) ; — ^ < JaM a j B mj B \J B M B >< JaM a l B mi B \j B m jB > I J / dr aA r aA (pf B (i K^ A r aA ) 

J l B ( lK aA) m iB mi B M A M a ^ a ' { 

x J dQ rraA <M^)MU)\T raA + f a +f A -f a -f A -f ra jY; Bmi Jr aA ) VB ^ a ,U;r aA )^ 
= -2/i aj4 e~ l7rr '^ /2 c(+) \ — < J aM a j B m jB \J B M B >< J a M a l B m lB \j B m jB > 

Ll B (i K aA) m jB m, B M A M a 



a\ 1/2 r r tr 

dr aA r aA (pf B (iKaA r aA) / dfl raA < <Pa(€a) <?a(€a)\T raA - T raA \Y lBmiB (j aA )^B{ia^A^aA) > 
RaA 

•2/x aAe -^^/ a (+ — / dr aA r aA ^ B {iK^ A r aA )[f raA -f raA )l^ AlBjBjB {r aA ). (48) 

L l„ \ lK aA) n 



RaA 
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Taking into account that 

<-2 -s.2 



/w(e-s)«-£(<w^-/w^) w 



we arrive at the final expression for the ANC in terms of the Wronskian: 

C» AlBjBjB = e-'"fr/ 2 ), - W[I? AlBjBjB (r aA ), tf B {iK B aA r aA )]\ , (50) 

L, (l K a ) r aA =R aA 
Lb v t%A> 

where the Wronskian 

W a {iK* A r aA ) = W[I B AlBjBjB {r aA ),^ B {i^ A r aA )] 
_jB d^P fl (i «f A r aA ) dI? A ^ Jb Jb (r aA ) 

OtA Ib jb Jb \ a A) T" ^fll^aA^Aj T— ■ (OlJ 

Uf o.4 U' n A 



It is straightforward to see that determined here ANC is a real quantity because ( fi B ('iKaA r a,A) given by Eq. (|36|) . 
-^c5l i B in J B ( r a-4) an d e~ l7TVaA / 2 C (+)). B are rea ^ a t P ure imaginary momentum fc a A = i k^ a . Correspondingly, the 

L l B ( lK aA> 

Coulomb renormalized ANC is given by 



CaAl BjB J B = (^^aA) lB ^J^W[I^ AlBjBjB (r aA ), tf B {i K* A T aA )] ^ = ^. (52) 



We know that the Wronskian calculated for two independent solutions of the Schrodinger equation is constant [42| . 
Because the radial overlap function I^ A i g j B j B (r a A) is not a solution of the Schrodinger equation in the nuclear inte- 
rior, the Wronskian and, hence, the ANC determined by Eq. (J3HJ) depend on the channel radius R aA , if it is not too 
large. However, if the adopted channel radius is large enough, we can replace the radial overlap function by its asymp- 
totic term, see Eq. (fT3f , proportional to the Whittaker function, which determines the radial shape of the asymptotic 
radial overlap function and is a singular solution of the radial Schrodinger equation. Thus, because ipf (i K^ A r aA ) is 
independent regular solution of the same equation, at large R a A, where nuclear a — A interaction can be neglected 
and asymptotic Eq. (fT3|) can be applied, taking into account that W[f^ + \i K^ A , r aA ), ff£~ \i k^ a , r aA )] — 2 k^a 
and Eq. (|36|) we get at large R aA 



e 



<"&/a w\T B . . . . (-A ,n? 



W[I aA lBjBJB( r aA),<Pl B ( iK aA r aA)} = C aA lg jg j B . (53) 



Hence Eq. (151)1) at large R a A, as expected, turns into identity and proof of it is an additional test that Eq. (|50|) is 
correct. However our idea is to use Eq. (|48| at R a A, which doesn't exceed the radius of nucleus B — (aA). In the 
nuclear interior the contemporary microscopic models provide quite accurate overlap functions. The ANC calculated 
using Eq. (14"51) may depend on the adopted channel radius R a A but the ratio of the mirror ANCs, as it is shown 
below, practically is not sensitive to R a A- It allows us to analyze the impact of the Coulomb effects on the ANC by 
separating different scales of these effects. 



IV. COMPARISON OF MIRROR PROTON AND NEUTRON ANCS AND COULOMB EFFECTS 



In this section we compare the mirror proton and neutron ANCs and analyze the Coulomb effects which are 
responsible for the difference between these ANCs. In what follows we simplify the notations for the proton and 
neutron ANCs omitting the quantum numbers and using just C p and C n , correspondingly. From Eq. (1501) we get the 
ratio of the squares of the proton and neutron ANCs for mirror nuclei: 



NA 



C 2 



f A y B rga + l + rfe) W p (i K f A R NA ) 



( pA \ 

K iA 



T(l B + l) 



W n (i k^Rna) 



(54) 



where W p (i k^ a Rna) (W n (i Rna)) is the Wronskian calculated for the proton (neutron) at the channel radius 
Rna- To get the proton (neutron) Wronskian we can just replace in Eq. (|5I[) a — > p (a — > n). For the neutron 
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[1 K„ ~a T nA ) 



Jb + 1 - 
r nA e 



iFi(Z B + l,2Z B + 2: 



2 K„ ~t TuA] 



\iA 



where k a a x 



2 Mr, 



.^a 1 ^ the 



Wronskian (fi B \m nA 

wave number of the bound state A + 1 — (n A) of the isobaric analogue state of the bound state B — (pA). 

Calculation of the ratio of the mirror nucleon ANCs requires knowledge of the microscopic radial overlap functions. 
Meantime in [27| another expression for the mirror nucleon ANCs ratio was obtained which can be used when the 
overlap functions are not available. I will show here how simple this derivation when using Eq. (|54j) . First, as it was 
pointed out in 27J, in the nuclear interior Coulomb interaction varies very little in the vicinity of Rna and its effect 



leads only to shifting of the nucleon binding energy. Hence, we assume that ipf (i k^ a r aA ) and ipi B (i k^ a r aA ) behave 
similarly at r^A ~ Rna except for the overall normalization, that is 



Then Eq. ([54]) reduces to 



c r b n pA Una) a+1 

Vl B {lK A r pA ) = A+1 7<Pl B {lK n A r pA)- 

Ws(*<I R NA) 



(55) 



r 2 

tW IT, \—V 

(Una) — -jj2 



pn 



( K PA V 
\« A + l ) 



T(l B + 1 + r$ A ) <pg (i k* a R NA ) W[I * a ^jb Jb ( r M> > W» VO] 



+ 1) v lB (i Kn +'R NA ) W[I^j BjBjB (r nA ), ^ B ^r nA )] 



-1 2 



r n A=RNA 

(56) 



Neglecting further the difference between the proton and neutron mirror overlap functions in the nuclear interior we 
obtain the approximate ratio of the squares of the mirror ANCs from [27j (in the notations of the current paper) : 



Lpn(RNA) 



WW 



1 



Vpa) V? B (i^ A R N A) 



r(/ fl + 1) 



.(zk^Rna) 



<Pi. 



(57) 



In descending accuracy I can rank Eq. ([54"]) as the most accurate, then Eq. (15"6l and then Eq. (j5"7| . Taking into account 
that the microscopic overlap functions (calculated in no-core-shell- model [43l - l45| , variational Monte Carlo method (46r - 
HH or oscillator shell- model are more accurate in the nuclear interior, using Eq (1541 one can determine the ratio 
of the mirror ANCs quite accurately. Then follows Eq. (|56p , in which only one approximation (|55[) is used, and 
finally Eq. (|57p. in which two approximations are used. Eq. (|54|) requires knowledge of two mirror overlap nucleon 
functions, Eq. (|5"6"|) requires only one overlap functions while to calculateEq. (|57p one doesn't need overlap functions 
and it is the simplest to estimate. As we will see below, while ratio (jM]) practically doesn't depend on the channel 
radius Rna, ratios (156p and (I57p show some evident dependence on Rna- 

Now we explain physics causing the difference between the proton and neutron mirror ANCs. First of all the proton 
ANC is affected by the main CRF TZ\ 1 see Eq. ([271) . Eliminating this major factor from the proton ANC we obtain 
the ratio of the squares of the Coulomb renormalized proton and neutron ANCs: 



L P^i(Rna) 



3 



( K PA \ 

K ~iA 



Ib 



W p (i K f A 



Rna) 



W n {i k^+'Rna) 



(58) 



L (Rna) 



Cp 



^pA 

Za+i 



pA 



Rna) 



W[I^ Ah 



3 b Jl 



X r pA), <Pl B (iKp A 



r pA)] 



VI. 



^ 41 1 Rna) W[I a+1 



-lA It 



Jb 



(r nA ), Vi B {in A A lr nA) 



r-nA = RNA 



(59) 



and 



r 2 

f - Z2. 

^pn — „ 2 



f K PA \ 
K nA 



lB k p a Rna) 

Wb(» Knl 1 Rna) 



(60) 



These ratios are still may be far from unity. After we removed the main CRF, there are two more remaining CRFs, 
which determine the difference between the proton and neutron mirror ANCs. The second factor appears because 
of the difference in the proton and neutron binding energies. The dependence of the ANC on the binding energy is 
exponential [38[. Because the binding energy of the neutron analogue state is larger then the corresponding proton 
binding energy, the renormalized squared proton ANC C p is lower then C^, and the second CRF decreases the proton 
ANC: the bigger the difference s A A x — e^ A the stronger decrease of the proton ANC. The third CRF, which increases 
the proton ANC compared to the neutron one, is generated by the fine Coulomb effects ( the effects left after removal 
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the main CRF and difference in the binding energies) and is minor compared to the first two CRFs. Now after this 
discussion we can rewrite Eq. (|58l) as 



NA 



(61) 



where 



% A y B W n (iK^ A R NA ) 



.A+l 



W n (i k^Rna) 



(62) 



and 



W p (i k^ a R na ) 



W n ( 



* K pA RnA ) 



(63) 



To calculate the binding energy effect IZ^ on the ANCs ratio it is enough to replace in Eq. (|58l) the proton Wronskian 
W p (i Kp A Rna) by the neutron one W n (i k^ a Rna) but calculated at the proton binding energy. To calculate the 



impact of the fine Coulomb effects it is enough to consider the ratio of the squared proton and neutron Wronskians 
both calculated at the proton binding energy. Similarly we can estimate these renormalization effects for LYf n (Rna)- 



For the ratio of the ANCs L pn considered in [2jj we get 



n 2 K 3 , 



(64) 



where 



n 2 



k pA \ lB fiB K pA Rna) 



( pA \ 



-nA ' Vi B { iK nA r na) 



(65) 



is the CRF determining the effect of the binding energy, while 



K 3 



V? B (* K pA Rna) 



f! B (i *>pA R NA) 



(66) 



is the CRF determining the fine Coulomb effects. 

Thus we can express the squared proton ANC in terms of the mirror squared neutron one as 



(67) 



or 



C^lliiizKsCl, (68) 

depending on whether we use the Wronskian approach or more simple renormalization from [27| . Here we took into 
account that the quantum numbers of the proton and neutron analogue states are the same. 

Because I don't have all the required overlap functions, which are necessary to calculate the CRFs, only the 
renormalization factors 1Z 2 and IZ3 are estimated in Sect. [Vj 



V. CALCULATIONS 



In this section we consider some cases applying both Wronskian formalism and Eqs. (|5d]1 and (1571) . 



1. Comparison of ANCs for 41 Sc(l/ 7 / 2 ; 0.0 MeV) ->■ 40 Ca(O.OMeV) +p and 41 Ca(l/ 7/2 ; 0.0 MeV) -> 40 Ca(0.0 MeV) + n. 

I start from analysis of the mirror proton and neutron ANCs for 41 Sc(l/7/ 2 ; 0.0 MeV) — > 4O Ca(0.0 MeV) +p and 
41 Ca(l/ 7 / 2 ; 0.0 MeV) — > 40 Ca(O.OMeV) + n, correspondingly. Both ANCs correspond to isobaric analogue states in 
the mirror nuclei and we can apply the formalism discussed in the previous section. The overlap functions are taken 
from [Zo|. 
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FIG. 1: (Color online) Ratio of the square of the proton ANC for the virtual decay 41 Sc(l/ 7/2 ; 0.0 MeV) -> 40 Ca(0.0 MeV) + p 
to the square of the neutron ANC for the mirror nucleus virtual decay 41 Ca(l/7/2; 0.0 MeV) —¥ 40 Ca(O.OMeV) + n; solid red 
line - Wronskian method, Eq. (|54[) . green dashed line is obtained using Eq. (|56[1 and dotted blue line is obtained using Eq. 
([57)1 as in 




FIG. 2: (Color online) Panel (a): solid red line- dependence on Rna of the square of the proton ANC for the virtual decay 
41 Sc(l/ 7 / 2 ; 0.0 MeV) — > 40 Ca(0.0MeV)+p calculated using the Wronskian expression given by Eq. (f5U|) : panel (b): blue dotted 
line- dependence on Rna of the square of the neutron ANC for the virtual decay 41 Ca(l/7/2; 0.0 MeV) — > 40 Ca(0.0 MeV) + n 
calculated using the Wronskian expression given by Eq. (|50|) . 



In Fig. [T] is shown the ratio of the ANCs calculated using the Wronskian formalism and approximations (1561) and 
(|57p . While the ratio obtained in the Wronskian formalism remains practically constant, both approximated ratios 
depend on the channel radius Rna- Note that the results obtained using approximations (1561) and (I57[) are valid only 
at Rna < Ra, where Ra ~ 4.5 fm is the radius of A = 40 Ca. Eq. |56|) better agrees with the exact Wronskian 
expression than Eq. (f5Tj) . The latter has the smallest deviation from the exact result at Rna ~ 4.4. 

In Fig. [2] the dependence on Rna of the square of the proton and neutron ANCs for the virtual decays 
41 Sc(l/ 7/2 ; O.OMeV) -> 40 Ca(0.0 MeV) + p and 41 Ca(l/ 7/2 ; 0.0 MeV) -> 40 Ca(O.OMeV) + n calculated using the 
Wronskian expression given by Eq. (|48l) . Comparison of Figs Q] and [2] is very instructive. As we can conclude from 
the latter the ANCs calculated using the Wronskian method reach their correct values at Rna > 7 fm. In other 
words, only at Rna > 7 fm the proton and neutron overlap functions can be replaced by their asymptotic terms. 
However, the ratio of the ANCs calculated using the Wronskian formalism remains constant practically at all R n A > 2, 
allowing one to calculate this ratio even in the nuclear interior where the overlap functions cannot be replaced by 
their asymptotic terms. The calculated using the Wronskian method the proton and neutron ANCs and theirs ratio 
are in excellent agreement with the calculations in (ipj . 

Now we consider how the Coulomb renormalization affects the proton ANC C% = 286.9 fm -1 . There are three 
CRFs. Dividing the the proton squared ANC by each of these factors we can eliminate step by step all three Coulomb 
effects eventually arriving at the neutron squared ANC. To estimate the different CRFs I use Eqs (|6"5"j) and (|6"6"1) . 
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FIG. 3: (The dependence on the channel radius of the ratio of the proton and neutron reduced widths for 41 Sc(l/ 7 / 2 ; 0.0 MeV) — > 
40 Ca(O.OMeV) + p and 41 Ca(l/ 7/2 ; 0.0 MeV) -> 40 Ca(0.0MeV) + n, correspondingly. The nucleon ANCs calculated using the 
Wronskian expression given by Eq. (|50[1 . 



The Wronskian formalism aslo could be used but not all the needed overlap functions are available. The main 
CRF in the case under consideration IZi — 14311.9. Hence the Coulomb renormalized square of the proton ANC 
is Cp = Cp/Hi = 0.02 fm -1 . Now we take into account the remaining two CRFs coming from difference in the 
proton and neutron binding energies and the residual Coulomb effects. Because at Rna = 4.4 fm the ratio of the 
proton and neutron ANCs obtained using Eq. (|57|) is the closest to the one obtained by the Wronskian method, the 
remaining two Coulomb renormalizations are calculated at Rna — 4.45 fm. The binding energy of the proton in 
41 Sc(0.0MeV) is e p 1 4 s c Ca = 1.085 MeV, while the neutron binding energy in 41 Ca(0.0MeV) is £*«C a = 8.362 MeV. 
This large difference in the neutron and proton binding energies leads to significant renormalization of the proton 
ANC compared to the neutron one. Dividing by the CRF IZ2 = 0.0011 we get the renormalized proton ANC at 

the neutron binding energy : C p 2 = 18.18 fm" 1 . Finally, dividing it by the CRF K 3 = 4.16, reflecting the residual 
Coulomb effects, we get the square of the neutron ANC C\ — 4.37 fm -1 . These calculations clearly demonstrate the 
scale of the different CRFs leading to the difference between the mirror proton and neutron ANCs. 
Let us consider now the ratio of the proton and neutron reduced widths for the mirror nuclei: 

£ = W1 <Ab + 1/2 (2k p R na )CI 

ll Wl lB + 1/2 {2n n R NA )Cl ■ 1 > 

For the case under consideration this ratio is 7^/7^ = 1.1 at Rna = 4.4 fm and gradually increasing with Rna 
increase, see Fig [3l demonstrating model dependence of the reduced widths. Because the ratio of the nucleon ANCs 
remains constant, the channel radius dependence comes entirely from the channel radius dependence of the Whittakcr 
functions. The higher binding energy of the neutron generates stronger channel radius dependence of the neutron 
Whittaker function, which is actually proportional to the spherical Hankel function. 



2. Comparison of ANCs for 17 F(ld 5/2 ) -> 16 O(0.0 MeV) + p and 17 0(ld 5/2 ; 0.0 MeV) -> 16 O(0.0 MeV) + n. 

As in the previous case, the overlap functions are nodeless at tna > and I will demonstrate how the Wronskian 
method works compared to approximated equations. I start from the analysis of the proton and neutron ANCs for 
17 F(ld 5/2 ; 0.0 MeV) -> 16 O(0.0MeV) + p and 17 0(ld 5/2 ; O.OMeV) -> 16 O(0.0MeV) +n, correspondingly. Both ANCs 
correspond to isobaric analogue states in mirror nuclei and we can apply the formalism discussed in the previous 
section. The overlap functions are taken from [40| . 

In Fig. 2] the dependence on Rna of the square of the ratio of the mirror proton and neutron ANCs for the virtual 
decays 17 F(ld 5/2 ) -> 16 O(0.0MeV) +p and 17 0(ld 5/2 ) -4 16 O(0.0MeV) +n calculated using the Wronskian formalism 
and Eqs. (|56[) and (j57| is shown. While the ratio obtained in the Wronskian formalism remains practically constant, 
Eqs. (|56|) and (|57|) provide the ratios which depend on the channel radius Rna- Eq. (|56|) agrees very well with the 
exact Wronskian method at Rna < 3 fm. Assumption that the mirror proton and neutron overlap functions are close 
to each other in the nuclear interior is the basis for both approximate equations for the ANCs ratio. It is clear from 
Fig. [5] that with the Rna increase the square of the ratio of the mirror overlap functions deviates from unity. 
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FIG. 4: (Color online) Ratio of the square of the proton ANC for the virtual decay 17 F(ld 5/2 ; 0.0 MeV) -»■ 16 O(0.0 MeV) +p 
to the square of the neutron ANC for the mirror nucleus virtual decay 17 0(ld 5 / 2 ; 0.0 MeV) — > 16 O(0.0 MeV) +n; solid red line 
- the Wronskian method, Eq. (f54|). green dashed line is obtained using Eq. (f56)) and dotted blue line is obtained using Eq. (f57|) 
as in [13 • 




FIG. 5: Ratio of the square of the proton and neutron radial overlap functions for 17 F(ld 5 / 2 ; 0.0 MeV) — > 16 O(0.0MeV) +p 
and 17 0(ld 5/2 ; 0.0 MeV) ->■ 16 O(0.0MeV) + n. The overlap functions are from 0. 
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FIG. 6: (Color online) Dependence on Rna of the square of the proton (solid red line) and neutron (blue dotted line) ANCs 
for the virtual decays 17 F(ld 5/2 ) 16 O(0.0MeV) +p and 17 0(ld 5/2 ) -t 16 O(0.0MeV) +n, correspondingly, calculated using 
the Wronskian expression given by Eq. (|50ll . 
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FIG. 7: Dependence on the channel radius of the ratio of the proton and neutron reduced widths for 17 F(ld 5 / 2 ; 0.0 MeV) — > 
16 O(0.0MeV) + p and 17 0(ld 5/2 ; 0.0 MeV) -¥ 16 O(0.0MeV) + n, correspondingly. The nucleon ANCs calculated using the 
Wronskian expression given by Eq. (|50l) . 



Comparison of Figs |4] and |6] is very instructive and shows the power of the Wronskian method. As it is clear from 
Fig. [6l the proton and neutron ANCs calculated using the Wronskian equation reach their plateau only at Rna > 6 
fm. However, the ratio of the ANCs calculated using the Wronskian formalism, Eq. (j5"4")) . remains constant practically 
at all R n A > 2 fm, allowing one to calculate this ratio even in the region where the overlap functions cannot be 
replaced by their asymptotic terms. The ratio of the proton and neutron ANCs calculated using approximated Eq. 
([5o| agrees very well with the Wronskian method at R n A < 3 fm, that is well in the nuclear interior, while Eq. (|57|) 
gives the ratio below the Wronskian method. 

Now we consider how the Coulomb renormalization affects the proton ANC Cp = 0.58 fm -1 . To estimate the 
different CRFs I use, as in the previous case, Eqs (|65|) and (j66| . The main CRF in the case under consideration 
IZi = 42.01. Hence the Coulomb renormalized square of the proton ANC is Cp = Cp/lZi — 0.0138 fm -1 . Now we 
take into account the remaining two CRFs coming from difference in the proton and neutron binding energies and 
the residual Coulomb effects. Because at Rna — 4.0 fm the ratio of the proton and neutron ANCs obtained using 
Eq. (|57|) is the closest to the one obtained by the Wronskian method, the remaining two CRFs are calculated at 
Rna = 4.0 fm. The binding energy of the proton in 17 F(0.0MeV) is £ p Fe = 0.605 MeV, while the neutron binding 
energy in 17 O(0.0MeV) is e"i6o = ^-14 MeV. This large difference in the neutron and proton binding energies leads 
to significant renormalization of the proton ANC compared to the neutron one. Dividing Cp by the CRF IZ2 = 0.015 
we get the renormalized proton ANC at the neutron binding energy: C p 2 = 0.92 fm -1 . Finally, dividing it by the 
CRF 7Z3 — 1.97, reflecting the residual Coulomb effects, we get the square of the neutron ANC C\ = 0.467 fm -1 . 
These calculations once again demonstrate the scale of the different CRFs leading to the difference between the mirror 
proton and neutron ANCs. 

The ratio of the proton and neutron reduced widths 7^/7^ = 0.29 at Rna = 4.0 fm and gradually decreasing with 
Rna increase, see Fig [71 demonstrating model dependence of the reduced widths. In this case the proton Whittaker 
function drops faster than the neutron one. 



3. Comparison of ANCs for 17 F(2s 1/2 ) ->• 16 O(0.0 MeV) + p and 17 0(2s 1/2 ) -> 16 O(0.0MeV) + n. 

In this section I analyze the ratio of the proton and neutron ANCs for 1 F(2s!/ 2 ) — > 16 O(0.0MeV) + p and 
17 0(2s 1 / 2 ) — > 16 O(0.0MeV) + n, correspondingly. Both ANCs correspond to isobaric analogue states in the mir- 
ror nuclei and we can apply the formalism discussed in the previous section. The overlap functions are taken from 
[iof . It is a special case because of the very low proton binding energy, e_ie = 0.105 MeV. Besides, the overlap 
functions have one node at tna > and it will be interesting to see how the Wronskian method works in this case. 
The ratio of the square of the proton and neutron overlap functions I p (r n a) / 'In( r 'n a) > 1 at all rNA, see Fig [5] Hence 
both approximations (I5TJ)) and (|57|) fail. 

It is seen from Fig. [9] where the ratios of the ANCs calculated using the Wronskian formalism and Eqs. (|56p and 
(f57|) are shown. While the ratio obtained in the Wronskian formalism remains practically constant at Rna > 4 fm, 
the ratios obtained using Eqs. (|56[) and (|57[) depend on the channel radius Rna and at the best radius Rna = 5 fm 
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FIG. 8: Ratio of the square of the proton and neutron radial overlap functions for 17 F(2s 1( / 2 ) — > 16 O(0.0MeV) + p and 
17 0(2s 1/2 ) -»■ 16 O(0.0MeV) +n. 
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FIG. 9: (Color online) Ratio of the square of the proton ANC for the virtual decay 17 F(2si /2 ) -> 16 O(0.0MeV) + p to the 
square of the neutron ANC for the mirror nucleus virtual decay lr O(2s 1 / 2 ) — ► 16 O(0.0MeV) + n; solid red line - the Wronskian 
method, Eq. ((54} , green dashed line is obtained using Eq. (f56|) and dotted blue line is obtained using Eq. <f57|) as in [27j . 



underestimate the exact ratio (Wronskian equation) by 30%. The anomalous behavior of the Wronskian expression 
at Rna < 4 fm is the result of the nodes of the overlap functions. 

In Fig. QJJthe dependence on Rna of the square of the mirror proton and neutron ANCs for the virtual decays 
17 F(2s 1/2 ) -4 16 O(0.0MeV) + p and 17 0(2s 1/2 ) -> 16 O(0.0 MeV) + n calculated using the Wronskian expression given 
by Eq. (|50l) . Owing to the low nucleon binding energies the overlap functions the nucleon overlap functions reach 
their asymptotic tail (the ANCs reach their plateau) only at Rna > 7 fm, see Fig. QJJ However, the ratio of the ANCs 
calculated using the Wronskian formalism, see Fig. [5J remains practically constant at all R n A > 5 fm, allowing one 
to calculate this ratio even in the region where the overlap functions cannot be replaced by their asymptotic terms. 
Note that the calculated using the Wronskian method the proton and neutron ANCs and theirs ratio are in excellent 
agreement with the calculations in [40j. 

The ratio of the proton and neutron reduced widths 7^/7^ = 1.71 at Rna — 5.0 fm and gradually increasing with 
Rna increase, see Fig llll demonstrating model dependence of the reduced widths. In this case the neutron Whittaker 
function drops slightly faster than the proton one. 



4. Comparison of ANCs for 8 B(lp 3/2 ; 0.0 MeV) -> 7 Be(0.0 MeV) + p and 8 Li(lp 3/2 ; 0.0 MeV) -> 7 Li(0.0 MeV) + n. 

To analyze the mirror proton and neutron ANCs for 8 B(lp 3 / 2 ; 0.0 MeV) — > 7 Be(0.0MeV) + p and 
8 Li(lp 3 / 2 ; 0.0 MeV) — > 7 Li(0.0MeV) + n I use the overlap functions obtained from the variational Monte Carlo 
wave functions using Green's function method (53[. 

In Fig. [T2] the ratios of the square of the proton and neutron ANCs calculated using the Wronskian formalism and 



17 



2500 | 1 . , 1 1 ^— i 2.0 




R NA (fm) 

FIG. 10: (Color online) Panel (a): red solid line- dependence on Rna of the square of the proton ANC for the virtual decay 
17 F(2s 1/2 ) -»■ 16 O(0.0MeV) + p calculated using the Wronskian expression given by Eq. (|50|) ; panel (b): blue dotted line - 
dependence on Rna of the square of the neutron ANC for the virtual decay 17 0(2si/2) — > 16 O(0.0MeV) + n calculated using 
the Wronskian expression given by Eq. (|50[l . 




FIG. 11: The dependence on the channel radius of the ratio of the proton and neutron reduced widths for 17 F(2si/2; 0.0 MeV) — > 
16 O(0.0MeV) +p and 17 0(2s 1/2 ; 0.0 MeV) ->■ 16 O(0.0MeV) + n, correspondingly. The nucleon ANCs calculated using the 
Wronskian expression given by Eq. (|50|l . 



Eqs. (1561) and (|57l) are shown. The ratio obtained in the Wronskian formalism remains almost constant ( the observed 
oscillations are related with accuracy of the Monte Carlo method). The ratios obtained using Eqs. (|56"|) and (j5"7| 
in the internal region at Rna < 3.5 fm practically constant and lower than the exact ratio. The mean value of the 
calculated ratio of the square of the proton and neutron ANCs using the Wronskian method in the interval 3.4 — 4.6 
fm is 1.24, what is slightly higher then the experimental ratio 1.06 ± 0.11 [54{ and the ratio 1.15 obtained using Eq. 

In Fig. Q2] is shown the dependence on Rna of the square of the proton and neutron ANCs for the virtual decays 
8 B(lp 32/2 ; 0.0 MeV) -> 7 Be(0.0MeV) + p and 8 Li(lp 3/2 ; O.OMeV) -)• 7 Li(0.0MeV) + n, correspondingly, calculated 
using the Wronskian expression given by Eq. (|50[) . As we can see, in contrast to the previous cases, the calculated 
using the Wronskian approach ANCs never reach plateau, what reflects the fact that the Monte Carlo overlap functions 
don't have correct asymptotic radial shape. Neverhteless, the ratio of the mirror proton and neutron ANCs, as it is 
shown in Fig. 1121 remains practically stable confirming once more that this ratio can be calculated with the overlap 
functions, which are correct only in the nuclear interior. 

Once again we can estimate all the Coulomb renormalization effects on the proton ANC. We adopt the square of 
the ANC Cp = 0.43 fm -1 obtained from the Wronskian expression at Rna = 4 fm. The main CRF in the case under 

consideration IZi = 13.66. The Coulomb renormalized square of the proton ANC is = 0.0315 fin -1 . Now we take 
into account the remaining two Coulomb renormalizations coming from difference in the proton and neutron binding 
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FIG. 12: (Color online) Ratio of the square of the proton ANC for the virtual decay 8 B(lp 32/2 ; 0.0 MeV) -> 7 Be(0.0 MeV) +p 
to the square of the neutron ANC for the mirror nucleus virtual decay 8 Li(lp 3 / 2 ; 0.0 MeV) — > 7 Li(0.0 MeV) + n; solid red line - 
the Wronskian method, Eq. (f54|). green dashed line is obtained using Eq. ([56jl and dotted blue line is obtained using Eq. ([57)) . 
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FIG. 13: (Color online) Red (blue) solid line: dependence on Rna of the square of the proton (neutron) ANC for the virtual 
decay 8 B(lp 32/2 ; 0.0 MeV) -> 7 Be(0.0MeV) +p ( 8 Li(lp 3/2 ; 0.0 MeV) -> 7 Li(0.0MeV) + n \ calculated using the Wronskian 
expression given by Eq. ([50]) . 

energies and the residual Coulomb effects. The binding energy of the proton in 8 B(0.0MeV) is £p7 Be = 0.1375 MeV, 
while the neutron binding energy in 8 Li(0.0 MeV) is e^rr: = 2.03 MeV. The difference between the proton and neutron 
binding energies leads to renormalization of the proton ANC compared to the neutron one. Dividing C 2 by the CRF 

at Rna = 4 fm IZ2 = 0.053 we get the renormalized proton ANC at the neutron binding energy: C p 2 = 0.59 fm -1 . 
Finally, dividing it by the CRF at Rna — 4 fm 1Z 3 — 1.61 reflecting the residual Coulomb effects we get the square 
of the neutron ANC C\ = 0.37 fm -1 . 

The ratio of the proton and neutron reduced widths for 8 B(lp 3 / 2 ; 0.0 MeV) — > 7 Be(0.0McV) + p and 
8 Li(lp 3 / 2 ; 0.0 MeV) — > 7 Li(0.0MeV) + n, correspondingly, see Fig[TJ] gradually increases with Rna increase. 

VI. SUMMARY 

The first goal of this paper is to analyze the Coulomb renormalization of the ANC. It is shown that the Coulomb 
renormalization of the proton ANC compared to the neutron one of the mirror nucleus consists of three factors: the 
main CRF given by Eq. (|!2T|) . The second CRF is the result of the decrease of the proton binding energy compared to 
the neutron one and the thrid CRF is the result of the fine Coulomb effects (residual Coulomb effects after removing 
the main CRF). The scale of each CRF is determined for different cases. I also draw attention on the possibility of 
using the renormalized ANC when the standard one becomes too large. 

The second important result of this paper is derivation of new expression for the ratio of the proton and neutron 
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FIG. 14: Dependence on the channel radius of the ratio of the proton and neutron reduced widths for 8 B(lp 3 / 2 ; 0.0 MeV) — > 
7 Be(0.0MeV) + p and 8 Li(lp 3/2 ; 0.0 MeV) 7 Li(0.0MeV) + n, correspondingly. The nucleon ANCs calculated using the 
Wronskian expression given by Eq. (|50l) . 

ANCs for isobaric analogue states of the mirror nuclei. This equation is obtained from the Pinkston-Satchler equation 
and given by the ratio of the Wronskians taken from the radial overlap functions and regular solutions of the two- 
body N + A radial Schrodinger equation with the short-range interaction excluded. It is shown that using microscopic 
overlap functions, which are more accurate in the nuclear interior, one can determine the ratio of the mirror nucleon 
ANCs which are the amplitudes of the tails of the corresponding overlap functions. It allows us to obtain one of the 
nucleon ANCs if other is known. The results of this paper can be extended for the resonance states (when the overlap 
functions for resonance states will be available) and for the arbitrary mirror ANCs for the systems a + A, for example 
for a = alpha. 
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